Lecture 6

University Undergraduate Lectures in Mathematics
A First Year Course

Group Theory |
6.1 Revision
Here is the formal definition of a group;

The Definition of a Group

If Gis a set and: is a binary operation defined @) then (G, #) is a group
if the following four axioms hold:

e Closure: Forale, b e G, a*xb e G

e [dentity: There exists an identity element G.
Thisis such that, forale G,a* e =exa = a
¢ |[nverses: For each € G, there exists an inverse elemant € G
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Thisissuchthah *a ~ = a ~ *a = e

e Associativity: Foralla, b, c e G, a*(b=*c) = (axb) *c

And a reminder of Lagrange's theorem,;

Lagrange's Theorem
If H is a subgroup of a finite group, the order oH divides the order db.

6.2 Exercise
Marks Available: 40
Question 1
Solve the following congruence equation modulo 8.
Any answers should be given as elements from the set of least residues modulo

2x — 9 = 5 (mod 8)

[ 3 marks ]



Question 2
Consider the following binary operation table;

olalblc|d
alc|d|c]|b
bld|lc|b]a
clald|c]|d
dlblal|b]c

(a) Explain why the set of elementa,{b, ¢, d} do not form a group.

(b) Given the binary operation table, calculate
(1) cod

(i) ao(cob)

(i) (aoc)ob

(iv) (dec)o(boa)

(c) (1) Does the expressioao b o c make sense ?
State your answer as either “Yes” or “No”

(ii) Give a reason for your (c)(i) answer.

[ 1 mark]

[ 1 mark]

[ 1 mark ]

[ 1 mark ]

[ 1 mark ]

[ 1 mark ]

[ 1 mark ]



Question 3
TheselG={1,3,5,9, 11, 13 } forms a group under multiplication modulo 14.
(1) Complete the following Cayley table for this group;

"14 13|59 1113
1 5
3 9
5
9 11
11 5
13 1
[ 2 marks ]
(i) Explain why (G, *) can have no subgroup of order 4
[ 2 marks ]
(i)  Find a subgroup of order 2 and construct its Cayley table.
x14
[ 1 mark ]

(iv)  Find a subgroup of order 3 and construct its Cayley table.

X

14

[ 2 marks ]



Question 4
Further A-Level, Pure Mathematics 2, June 2022, Paper 4A, Q1 (Edexcel)

The group gis the set of all possible permutations that can be performed on the
four numbers 1, 2, 3 and 4, under the operation of composition.

For the group S

(a)  write down the identity element,

[ 1 mark]
(b) write down the inverse of the elementwhere
(12 34
a= 3421)
[ 1 mark ]

(c) demonstrate that the operation of composition is associative using
the following elements

(1234 (1234 (1234
a= 3421) b‘(2431) and C‘(4123)
[ 2 marks ]

(d) Explain why it is possible for the groug t® have a subgroup of
order 4. You do not need to find such a subgroup.

[ 2 marks ]



Question 5
Further A-Level, Pure Mathematics 2, June 2024, Paper 4A, Q7 (Edexcel)

The set of matrice&s = {I, A, B, C, D, E} where

NS EER
SHES IS

with the operatiom®, of matrix multiplication with entries evaluated modulo 2,

forms a group.
(a) Show thaB is an element of order 3 (&

[ 2 marks ]
(b) Determine the orders of the other elementS of

[ 3 marks ]



(c) Give a reason whe is not isomorphic to
(1) a cyclic group of order 6

(ii) the group of symmetries of a regular hexagon

[ 2 marks ]

The groupH of permutations of the numbers 1, 2 and 3 contains the following
elements, denoted in two-line notation,

(123 (123 (123
e_(123) a= 231) b_(321)
(123 (123 (123
C_(132) d‘(213) f_(321)

(d) Determine an isomorphism between the grda@sdH

[ 3 marks ]



Question 6
GivenZ, = {0,1}, the Cartesian product
ZZ X ZZ = {(030), (0,1)’ (1’0)’ (1’1)}

hasfour elements.
This set inherits a binary structure via addition of co-ordinates

XY+ VW = X+V,y+Ww
wherex + v andy + w are both computed i(Z,, +,) .

This binary operation has an addition table that should look very familiar: it has
exactly the same structure as the Klein four-group!

+ | ©0 | ©1] @0 | (11 slelalblec
0,0) | (0,0) | (0,1) | (1,0) | (1,1 elelalb]c
(0,1) | (0,1) | (0,0) | (1,1) | (1,0 = alalelc]|b
1,0 | @o | @y | 00 |01 blblclela
1y | @y | 1,0 | ©1) | (00 clclbjafe

We conclude thaf,, x Z, = K,is indeed a group

(a) Listthe elements of the Cartesian product®f, +;) and (Z,, +»)

[ 3 marks ]
(b)  Determine{(1,1))

[ 2 marks ]
(c) Use your answers to parts (a) and (b) to deduce which group

Ziz x Z,is isomorphic to

[ 2 marks ]

This document is a part ofMathematics Community Outreach Projectinitiated by Shrewsbury School
It may be freely duplicated and distributed, unaltered, for non-profit educational use
In October 2020, Shrewsbury School was votedépendent School of the Year 2020
© 2026 Number Wonder



