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2.8 Answersto 2.7 Exercise

Undergraduate L ecturesin Mathematics
A Third Year Course

Answer 1
0111
. ~]/1010
(i) A(G17) = 1101
1010
0111/0111 3121
. 2 (2010|2010 (1212
() AGID=11 101110172131
1010/\1010 1212
(i)  The three walks of length 2 between vertexd itself are,
G17 - Labelled
2 1
3 4
n=4 m=5
(2,2 3 3
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[ 2marks]

[ 2marks]

[ 1mark ]



(i)

(i)

(iii )

(iv)
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a1 A2 ... Qn a1 &2 ... Qn by b ... bin
Ady1 Ayo ... don oy Q2 ... don | b21 b22 b2n
3 @z - @n/| 81 @2 ... am Pni Bnz ... bnn

b1 = (all all) + (a12 321) + (3133-31) + ...+ (aln anl)

As A is symmetric,ajj = gji, SOby; :(all)2 +(a12)2 + (a13)2 + ... +(a1n)2

[ 1mark ]
Now, a;; is always zero, and each of the squa(aiﬁ)z for2<k<n
will be 1 when there is an edge between vertgesdvy, O otherwise.
Thusb,; gives the degree of vertexand also the number of walks of

length 2 betweew, and itself. O
[ 2marks]

tr (AZ) will give the sum of the degrees of all vertice§&iwhich,

by Theorem 1.2, The Handshaking Lemma, is twice the number of
edges ofG.
[ 2marks]

The grapiH has 4 vertices and degree sequence (1, 2, 2, 3).
This is enough to identify the graph as being G15

G15

n=4 m=4
1 2 2 3

[ 2marks]
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Answer 3

G991 - Labelled G1008 - Labelled

3 2

4 7

5 6

n=7, m=12

(23,3, 4,4 4 413,33, 3, 3 3 6
0110000 0100011
1000110 1010001
1001001 0101001
(i) AG991)=(0 01 011 1] AG1008)=|0 010101
0101011 0001011
0101101 1000101
0011110 1111110
[ 2marks]

2 2
(i) ¢G99 = ¢(G1008 = (x - 1) (x+1) (x+2)(x* - 2x - 6)
The two graphs are not isomorphic, yet their adjacency matrices have the
same characteristic equation which, by definition, makes them cospectra

[ 4 marks]

2001111 3121212
0312112 1312122

5 0131221 , 2131212

(i) A(G991)=(121422 3 AG1008)=(1213122
1122432 2121312
1122342 1212132
1213224 2222226

$2(G991) = ¢,(G1008)( x — 4)(x — 1)4(x2 — 16x + 36)

Comment : The hope that the characteristic polynomials of the squares o
the adjacency matrices might distinguish between the cospectral graphs
fundamentally flawed because,

..n . . :
“The matrixA has elgenvaluén wherel is an eigenvalue &&”

This statement may be proven using induction.
For a proof see Number Wonder's Matrix Algebra, Lecture 1, Question 5
https://www.NumberWonder.co.uk/Pages/Page9116.html

[ 4 marks]


https://www.NumberWonder.co.uk/Pages/Page9116.html
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Answer 4

Theorem 2.4 : Counting walks between vertices

Given a simple grap® with adjacency matri, raisingA to a positive integer
powern gives a matrix where the eniasy gives the number of walks of length
between the vertices andy;

Proof

1
To establish a basis for a proof by inductiomletl1 givingA = A which is the

adjacency matrix foG in which entryai(jl) counts the number of walks of length 1
betweenv; andyv;. As G is simple this count is either 1 if there is an edge between
vi andy; or O if there is no edge.

The induction hypothesis is to assume true that wrek the number of walks

of lengthk betweenv; andy; is the entrﬁ(jk) in the matrixak.

We can express a walk of lendtit 1 betweerv; andy; of a walk of lengttk
betweenv; andyv, followed by a walk of length 1 from, to v;.

In consequence, the number of walks of lengthl betweerv; andy; is the sum

of all walks of lengttk from v; to v, multiplied by the number of ways to walk in
one step fronv, to v;. which is given by,

S (k
Zai(r)arj
r=1

By the definition of matrix multiplication, this is the enB;SV”) in AkJr
Therefore, if the result is true far= k, then itis true fom=k+ 1

As the result has been shown to be truerfer 1, the conclusion is that

it is true for all positive integers by mathematical induction. O

1

[ 6 marks]
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Answer 5
From Theorem 2.4 we know that, given a simple g@ptith adjacency matriA,

the elements on the dlagonalk):% WhICh are of the for (3)) will be the walks of

length 3 that start and finish at the same vertex. The only way that a walk of 3 ste
can start and finish at the same vertex is if it is triangularGLs of orden.

3. o . . .
The trace oA is 2 a.-(ig) which will be the sum of all triangular walks @ but
i=1
with each counted six times as shown below.

@@@@@@

Hencetr glves six timeshe number of triangles i@.

[ 4 marks]

Answer 6

Lemma 2.1 : Disconnected Detector
For a graplG of ordern and adjacency matrik, calculate matris, where,

2 3 n
S=A+A +A + .. +A
If there are any zeros B, then the graph is not connected.

Proof
If a graph is connected then the maximum length of a trail (a walk that does not
traverse any edge more than once). isrom theorem 2.4 we know that entries

in the matrixAk gives the number of walk of lengktbetween all possible pairs
of vertices inG. Thus a zero anywhere in the matgxis telling us that between
a pair of vertices in the graph there is no walk of length 1, 2, 8, Thus there
is a pair of vertices that have no way of connecting to each other.

In other words, the graph is disconnected. O

Note that there are other, more efficient, methods (especiallp@somes large)
to determine if a graph is connected or not and, indeed, to determine the number
component parts.

[ 3marks]
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Answer 7

(i)

)

1011000
0311100
1121100
1113011
0110311
0001121
0001112
32 45 111
212 7 7 7 2

2

A

b

01 000O00O
1011000
0101000
0110100
0001011
0000101
0000110

A =

2
1 7 6 4 136 6
1 2 2 6 6 76
1 2 2 6 6 67

4 7 8 7 6 2 2
5 7 7 14 4 6 6

4

A

b

0311100
3245111
1424111
1542511
1115244
0111423
0111432

3

A

[ 4 marks]

The Shimbel MatrixM, is,

(i)

2122344
1211233
2121233
2112122
3221211
4 332121
4 332112

M =

[ 3marks]

Diameter is 4

(iii)

[ 1mark ]

Note that another way to answer this question would be to use the adjacency
matrix to draw the graph and then simply study the graph to ditain

G436 - Labelled

( 1’ 1’ 1’ 19 29 2 b 6)
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Answer 8
G17 - Labelled
0111
2 7 11010
A(Gl?)_1101
1010
(1)
3121
2
3 4 A(Gl?):1212
n=4 m=5 2131
- - 1212
(2, 2, 3, 3
45505 15 9 14 9
3 _|5252 4 19 10 9 10
A (G17) = 5545 A (GL7) = 14 9 15 9
5252 9 10 9 10

By Algorithm 2.1, the number of simple 4-cycles is given by,

Hulw) -2 3 (4262 - ) - ula?

%(50—2(3x2+2x1+3><2+2x1)—10)
1
=§(50—2x16—10)

= 1 simple 4-cycle

[ 3marks]
(i)
01010100001 3020202010
10100010001 0402020202%
01010000010 20301010202
10101000100 02040202020
00010101000 5 20103020201
A={1 0001010000 A =|{020202302000
01000101000 20102030102
00001010101 02020204020
00010001010 10202010302
001000001OC1J 0202000203(j
0100000101 1020102020
n
2 2 (( ai(iz))<ai(i2) - 1))“twicethesumof thetriangularised degrees’

Il
[y

=2(6+12+6+12+6+6+6+12+6+6+6
=2x 84
= 168
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0
18

36 “thesumof all degrees’

00O OO 0O OO WwOo
O~NOOOOM~MOOWOOWOo

oQ8o

28
0
22
0
28
0
22
0

8 070
0 6 0 8
8 0 40
0 8 06
8 070
07 0 7
6 0 70
0 8 0 8
8 040
0 40 4
6 0 40
20 0 21
0 28 0
23 0 18
0 32 0
18 0 23
0 22 0
18 0 21
0 28 0
21 0 20
0 22 0
21 0 18

o 00O WO WO mWMOOoOOooe

N
O N

o

O~NOWOPMOOWOO

P oNoNokREoN
®CWwCPrCPrnCL

0

~NOoO NO PO PMAONOSH

O NO 0O P~OOO®WO

o

18
0
21
0
20
0
18
0
0 23
22 0

w ) N N}
NOPNCP o ®

20 0 21
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N NP s N

2

By Algorithm 2.1, the number of simple 4-cycles is given by,

Lelwd 2 3 (a2 e - ) - el

9 simple 4-cycles

%(276— 168 — 36)

From an inspection of the graph it can be seen that this is correct.

[ 4 marks]
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Answer 9
0111 3222
: |1 011 2 12322
1110 2223
6 777 21 20 20 2
3 | 7677 4 120 21 20 20
A(K4)_7767 A(K) = 20 20 21 20
7776 20 20 20 2
By Algorithm 2.1, the number of simple 4-cycles is given by,

tr(a”) - 22 a?)(af? - 1)) - wr(a’)

i(84—2><24— 12)

= 3simple 4-cycles

LT X

[ 2marks]
0 6
0 1 6 5
0 , 6
(i)  A(Ky) = 0 A" (K;) = 6
0 6
1 0 5 6
0 6
30 186
30 31 186 185
. 30 . 186
A (K = 30 A (K;) = 186
30 186
31 30 185 186
30 186

By Algorithm 2.1, the number of simple 4-cycles is given by,
Lulaf -2 2 o?)(@? - 1)) - tr(a%)

%(1302— 2 x 210 — 42)

105simple 4-cycles

[ 3marks]
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(iii)  This is about generalising parts (i) and (ii)

’ 1 o2
A(Kp) = A% (Ky) =
1 . n—2
0 n-1
(n-1)(n-2) 5
" "+D+(0-2)
A3(Kn) =

(+D+N—2F

(n-1)(n-2)

(N=1)%+ (n—1) (n-2)

‘) L 2m—bm—a+m—a3
A (Kp) =
2n-3n-2+n-2>

(N—1)% (n—1) (N—2)2

By Algorithm 2.1, the number of simple 4-cycles is given by,

= ( tr(af) - 2 i ((a?) (&P - 1)) - tr (Az))

8

%(n(n — 12 enin-D-2%-2(n-1H(N-2)n-n(n - 1)

- %((n—l)ﬂn—z)z—z(n—z)—l)
= %(n—l+n2—4n+4—2n+4—1)
= %(n2 — 51+ 6)
_n(n-1)(n-2)(n-3)
- 8
|
= S(nn—'_4)!simple 4-cycles
There is a well known result that the number of sinnpleycles inKy
. nl (k- 1) . 3
is given byz K(n k) which fork = 4 matches our result.

[ 5marks]
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Answer 10
301
030
103
110

2 1011

A= 011
101
110
111
111

4
A

5
A

RPORRPRPOWORR
ORPRPRPRRPWORRO
P OORWRRRRO
OCORWRRRLRRLROR
OFRPrWrRORRLRORLR
PWFRPROORORRR
WP OOROREERE

© ©©oOohNOODT
©CoonrMO0OOMTA
CcorOO0OMTRNO
©Oorh0CO0OOMTNMNOO

12 33 22 22
33 12 33 22
22 33 12 33
22 22 33 12
33 22 22 33
33 22 22 22
22 33 22 22
22 22 33 22
22 22 22 33
22 22 22 22

orpOFO0OOON

33
22
22
22
22
12
22
33
33
22

AbhOHoOoOoONO

22
33
22
22
22
22
12
22
33
33

NNNNOOITOOINMNDN OO
NNDNODNDNDDN OO O
NNONDNMNNOOOON

hroOfioOohr~oOONMOO

22
22
33
22
22
33
22
12
22
33

¢>G1©-h A ONOO©

22
22
22
33
22
33
33
22
12
22

NOINNDNOOITO OITNDN

O B~ O O O ©

I

'_\
o © A

WNWNDN

OONDNDNDNOOINDNO

NN

NN

By Algorithm 2.2, the number of simple 5-cycles is given by,

( tr (a9 - sz<< o) (a2 - z))-str<A3>)

1
10

1
—(120-0-0
o ( )

12 simple 5-cycles

N OTOITNODNDNDNDNO

GO NODNDNDNDDNDON

GNODNOOONDNOONDN
NODNOCODNONDNDN
GO OANOOADNDN

[ S5marks]
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Each graph has 12 vertices. The “number of vertices” property has not
detected any non-isomorphisms.

Answer 11

(i)

[ 1mark ]

— —
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[ 3marks]
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(v)

2 2
1 2 2
6 15002162211

1
2
5

0 516 2061
50211512
12055121

215025111225

0512521122135

6 12111065121
121611602151
125212520511
2112221152055

ﬁ

25212125150
122155111561

3

R

tr(RS) = 6 < ltriangle

N O A NN MO MmDo
NI ANOA—"NOL N OL
NO O -dOWOoONOLONM
A M A NAM AL O WLWwOo
LA NANAONLOOMmM
LN A1 O N A NN -
N M AWOOLW MmO L
MO VWO ON—HON -
O O O N LN
OO OVWOM—AN— O N
LOWAM-AN-AMO L
N O AN L 4 N N

1

™
(a8)]

tr(Bs) = 6 < 1ltriangle

T N O d = MNMNMNOMOJO
M O A A O 0 O N -
O O -dH AN ANANMOLWU O WwOo
MO N T NOOMOL O~
A NO A A NMNMNOMOAO
DO A1 N-AdOM~NOMOIN™
N A A1 OO O AMNMNON-HIDMNS
DA N O NANN A -
A MO N O A dA—-ANLO
T O N N-A—AONAH OO
DO OWMdA—AONO O N
O A1 IONAMOM

1

“o

tr (G?’) = 6 < ltriangle

The “triangle count” property has not detected any non-isomorphisms.

[ 3marks]
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(vi)
The characteristic equations are:
ForR:

(x+2)(X*+x3-ax® - x+2)(x® -7+ X + 11x - 4)

ForB:
x-3x+1D(-2)(C+x-2x-1)(xX+x*-8x°-3x% + 16x - 6)

ForG:
x -3 x2(x9 + 38 - 9x’ = 20x® + 22x% + 82x* — 17x° — 7% + X + 13)

These show that none of the graphs are isomorphic to any of the others.
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