Lesson 4
Further A-Level Pure Mathematics, Core 2
Differential Equations||
4.1 Morelnvolved Differential Equations
In general, a second order differential equation is one that contains seconc
derivatives and no higher order derivatives. If it is homogeneous then each termr
contains the functiog or one of its derivatives.
So it's of the form,
dy  dy
aﬁ + b& +cy=0 wherea, b andc are real valued constants
This differential equation is linear because there is no function applied yo the
other than it being multiplied by a constant. Such equations are solved by
knowing what the format of the solution is. These formats will be revealed
shortly but to lessen the feeling that rabbits are being pulled out of hats, we'll
first revisit the solving of a first order linear homogeneous equation.

4.2 Solving a 1st Order Linear Homogeneous Differential Equation
The differential equation to be solved is,

a% +by=0 wherea and are real valued constants
dy b . .
— = —— separating the variables
dx a y Y g

fidy kfldx Wherek:—B
y a

Inly| = kx + ¢
ly| = BE® forB > 0
y = A is the general solution
From k = —% we getak + b = Owhich is termed the auxiliary equation

: : . - d
It's interestingly visually similar to where we started fr@m(% +by=0



4.3 Solving a2nd Order Linear Homogeneous Differential Equation
Given an equation in the form,

d? d
ad—xg + bd—i + cy = 0 wherea, bandc are real valued constants
write down the auxiliary equation,

am2+bm+c:0

The two values om that make the auxiliary equation true are performing the
same roll as the value kfthat madeak + b = Otrue previously.

Consider the discriminani, of the auxiliary equation.

If D > 0 there are two real roots, and and the differential equation has a
general solution,

y = Ae™ + B for any arbitrary real constantsandB

If D = O there is one repeated real reotind the differential equation has a
general solution,

y = (A + Bx) e for any arbitrary real constarsandB

If D < O there are two complex conjugate roats,3 = p = gi and the
differential equation has a general solution,

y = é”(Acos(gx) + Bsin(qx)) for any arbitrary real constantsandB

4.4 Three Examples (One of each type)

4.4.1 Two Real Roots

3_32/ + 5% +6y =20
m’ +5m+6 = 0 the auxiliary equation
(m+2)(m+3)=0
Eitherm = -2 orm = -3

y = Ag X + Be X for any arbitrary real constarksandB

4.4.2 One (Repeated) Real Root
2
% + 10% +25% =0
m’ + 10m + 25 = 0 the auxiliary equation
(m+5)(m+5)=20

m= -5

y=(A+Bx)e > for any arbitrary real constamdsandB



4.4.3 Two Complex Conjugate Roots

d%y dy
42 413y =0
e e T
m2—4m+13

0 the auxiliary equation

4++/16-4x1x13
2

m =

=2=+3
y = % X(Acos(3X) + Bsin(3x)) for any arbitrary real constamsandB

4.5 Exercise
Any solution based entirely on graphical
or numerical methods is not acceptable
Marks Available : 34
Question 1

Find the general solution to each of the following differential equations,

o d d
(i) d—ig—sd—i—zsy_o

[ 3marks]

(i)

[ 3marks]



Question 2

: , . : dy dy
| solution to the diff tial t 8— +25 =0

Find the general solution to the differential equa |%-r)1(7 + Ix + 25
[ 3marks]

Question 3

(1) Find the general solution to the differential equation,

Y +4y + 5y =0

[ 3marks]

(i) Given thaty(0) = 0 andy (0) = 2 find the particular solution.

[ 5marks]



Question 4
Find the general solution to each of the following differential equations,

(1) 15y -7y -2y =0

[ 3marks]

(i) 4y +20y +25 =0

[ 3marks]

(i) y +vV3y+3=0

[ 3marks]



Question 5
2

Find the solution to the differential equatiegqx% — 2% + 10y = 0 for
. dy
hichy = 0and—= = 3atx =0

which y an Ix at x

[ 8 marks]
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