Lecture 4

University Undergraduate Lectures in Mathematics
A First Year Course

Group Theory I
4.1 The Shuffled Square
Two mathematicians, Jerome and Emily, are labelling the vertices of a square
ahead of setting up the cycle notation for the three symmetries; rotatiofy of 90

reflection in the liney = x and reflection in thg-axis.
Here, side by side, are their proofs that ther@@ation followed by a reflection
in the liney = x is equivalent to a reflection in tleaxis
Notice that, right at the start, they label their squares differently.

JeromeyA Emily v,
2 1 1 2
2 1 1 2
;X tX
3 4 4 3
3 4 4 3
From my diagram; From my diagram;
r=(1234) R=(1432)
p = (24) P=(13
x = (14)(23) X = (14)(23
LHS = por LHS = Po R
= (24) - (1234 = (13) - (1432
- (14)(293 = (14)(23
=X =X
= RHS O = RHS O

The group of symmetries associated with Jerome's square is clearly isomorphic
to the group of symmetries of Emily's square. The isomorphism is simply,

Jerome's ¢ Emily's
Label SN Label
1 - 2
2 - 1
3 - 4
4 - 3

Notice that,¢ = (12)(34) but the operation “relabel the vertices” is NOT the

same as the square's binary operation of symmetry compositions.
So, for example, writingp o r = R is not true and, in fact, makes no sense at all.

However, one could writet = (1234) — (2143) = (1432) = R



Here is a table of all of Jerome's and all of Emily's symmetries;

For Jerome's Square For Emily's Square
e (1)(2)(3)(4) E (1)(2)(3)(4)
r (1234) R (1432)
r2 (13)(24) R (13)(24)
re (1432) R (1234)
X (14)(23) X (14)(23)
y (12)(34) Y (12)(34)
p (24) P (13

n (13) N (24)

The eight symmetries of a square are a subgro@a dhe order o5, is 24
and yet, in spite of this, Jerome and Emily have exactly the same collection
of eight permutations for their symmetries. Why has this happened ?

It's because the relabelling functign,in this case, happened to be the same
permutation as one of the elements of the group; In fact, Jerome's square when
reflected in the-axis gives Emily's square.

The group property of closure then guarantees the same eight expressions when
written in cycle notation will be in both Jerome's and Emily's symmetry list, but
shuffled around.

In consequence, the isomorphism between these two groups is, effectively, an
isomorphism from the group back onto itself.

Definition : Automorphism
An automorphism of a group is an isomorphism fror® to G

¢ Not all possible relabellings of the square result in an automorphism.
(This fact will be demonstrated in this lecture's exercises)

When a relabelled automorphisg,is used as if it were a symmetry composition it
is called a conjugating element and, as it's an element@osoften denoted.

A diagram can now be drawn to show the eftgist having when treated, not as a
renaming tool, but as a symmetry of the square. That is, a reflection yratkis,



Jerome's calculation that

O—— O

g is called the g being used as a .
conjugating element g g symmetry transformation

P is a conjugate ofp 5
g ol = p . g oX =171
of minimal interest P of minimal interest

Of great interest !
How doesP relate to p ?

By traversing the diagram fronto r2 by going both anticlockwise and clockwise
and equating the result a relationship betwamdp can be established,

Pogor = r2 by working anticlockwise from to r2
gopor = r2 by working clockwise fronm to r2
Pogor =gopor
Pog=gep
P=gopog’
For Jerome's square, P = (12)(34) o (24) - (12)(34)
= (13 noteg = g lin this case
= n .. nisaconjugate gb

4.2 Generalising

Conjugate Elements
Let x andy be elements of a grou theny is a conjugate of in G if there
exists an elememte G such that,

y = gxg*

lg gl

y is a conjugate ofx

@) —— @

Note: i, j, g(i), g(j)are element o5 but exactly which elements they are
is unimportant when finding conjugates.




4.3 Example
With g = (12)(34) as conjugating element determine the element that is the

conjugate ofr = (1234) in Jerome's group of symmetries of a square.

Jerome y
A

2 1

9\ 4

[ 2 marks ]

4.4 Conjugacy Classes

Using g = (12)(34) as the congugating element with each of the remaining
elements of Jerome's group of symmetries of a square leads to the following;

Element e r r X y r2 p n

Conjugate e r r y X r2 n p

The congugating elemerg, has partitioned the elements into the five conjugacy

classes(e}, {r, r°}, {x v}, {r*}, {p. n}

4.5 Cycle Structure Preserved

Conjugacy preserves cycle structure, which is intuitively obvious if it is recalled
that an interpretation of what the conjugating element does in any permutation
group is “rename”.

To be clear, conjugate elements must have the same cycle structure.
In the table above, for example batandy have the cycle structure (- -)(- -)

As cycle structure determines order, a consequence of cycle structure being
preserved is that conjugate elements must also have the same order.


http://www.NumberWonder.co.uk/v9110/4.mp4

4.6 Exercise
Marks Available: 40

Question 1
University Mock Examination Question from 1995, M203, Q9 (OU)
ConsiderG, the symmetry group of the square below, with ce@tre

1 2

Let h € G be the anticlockwise rotation throug{zﬁt about the centr€, and

letg e G be the reflection in the vertical axis through

(a)  Write downh andg in cycle form, using numbering of the locations of
the vertices as shown.

[ 2 marks ]

(b)  Write down the conjugatgh g_1 of h, and state its order

[ 2 marks ]

(c) State whether or ngtandh are conjugate, giving a brief reason
for your answer.

[ 2 marks ]



Question 2
Two mathematicians, Edward and Helen, are labelling the vertices of a square
ahead of working out the symmetries of their squares in cycle notation.

Notice that, right at the start, they labelled their squares differently.

(i)

(i)

Edwardy
A
3 4
3 4
=X
2 1
2 1

Helen
yA
1 3
1 3
=X
4 2
4 2

Complete the following table where,
e ¢ E : identity elements
e 1, R : rotation of 90 about the square's centre
e X, X : reflection in thex-axis
e vy, Y :reflection in they-axis
e p, P : reflection in the ling = x
e n,N : reflection in the line y =X

For Edward's Square

For Helen's Square

e (2)(2)(3)(4)

(2)(2)(3)(4)

Z|lOo|<|X|R]IR]|o]|m

[ 7 marks ]

Explain why the relationship between Edward's and Helen's groups of
symmetries of the square could be considered to be an isomorphism

but not an automorphism.

[ 2 marks ]



Question 3
University Assessment Question from 1996, M203, Q5(1) (OU)

(a) Find all elements i that conjugatd15364 2) to itself

[ 5 marks ]

(b) For each element found in part (a), give its order and parity.

[ 5 marks ]



(c) Prove directly (verify that the subgroup axioms hold) that the set of
elements that you found in part (a) is a subgroug ahd identify this
subgroup up to isomorphism. (In other words, identify a group of
symmetries of some figure to which your subgroup is isomorphic)

[ 6 marks ]

(d)  Find all the elements i§; that conjugatd153642) to (123456)

[ 5 marks ]



(e) Chose one elemenq, that conjugate$153642) to (123456)

and show that the elememts x, wherex conjugateg153642)
to itself (from part (a)), are precisely the elements found in part (d).

[ 4 marks ]
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