Lesson 9
Further A-Level Pure Mathematics: Corel
Matrix Systems of Equations

9.1 RotationsIn Two and Three Dimensions
Consider the following diagram. It is an aid to remembering the two dimensional
rotation matrices for rotations (anticlockwise) 6f 80>, 180° and 270.
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These matrices are special cases of the following general result,

Rotation through angle 6 about (0, 0)

cos® —sind )

Ry = )
0 sn@®  cosh

This generalised result was proverMatrix Transformations, Lesson 6.

Proof: https://www.NumberWonder.co.uk/Download/PD9090/9090(6).pdf



https://www.NumberWonder.co.uk/Download/PD9090/9090(6).pdf

The two dimensional rotation matrix, has a centre of rotation about the origin.
To rotate about an other point would involve translating the other point to the
origin, doing the rotation there, and then translating the origin back to the other
point. In three dimensions, the rotation is naturally about eithes, they or the

z axis. For each of the three axes, we'll now give the special rotatioAsafP 0

180° and 270 about the axis, followed by the general rotation matrix for that
axis. Keep in mind the generalised matrix for two dimensional rotation because,
in moving up a dimension, it is this 2 x 2 matrix that is embedded with in the
more general 3 x 3 rotation matrix.

e Rotation byo about thex-axis;

1 0 O 1 0 O
Rxo = 0O 1 O Rxoo={0 0 -1
0O 0 1 0O 1 O
1 0 O 1 0 O
Rxiso=| 0-1 0 Rxeo=(0 0 1
0O 0-1 0-1 O
1 0 0
Ryy =| 0 cosf® —sind
0 sn® cosé
e Rotation byo about they-axis;
1 0 O 0O 0 1
Ryo = 0O 1 O Rygo = 0O 1 O
0O 0 1 -1 0 O
-1 0 O 0 0-1
Ry’]_go = 0 1 0 Ry_270 = 0 1 0
0O 0-1 1 0 O
cosf 0O sné
Ryo = 0 1 0
—-snO® 0 cosé
e Rotation byd about thez-axis;
1 0 O 0-1 0
RZ,O - 0 1 O ngo = 1 O O
0O 0 1 O 0 1
-1 0 O 0O 1 O
Rz180 = 0-1 0 Rzoo=|-1 0 O
0O 0 1 0O 0 1

snf® cos® O
0 0 1

cosf —sin6 O)



9.2 Example
Further A-Level Examination Question from June 2020, Paper 2, Q9 (AQA)

The matrixC = ‘g B b), wherea andb are positive real numbers, and
c™ =

1 J3

2 2
UseC to show thatcos(%) can be written in the form—‘m2+n, where

m andn are integers.

[ 7marks]



9.3 Exercise
Any solution based entirely on graphical
or numerical methods is not acceptable
Marks Available : 50
Question 1
Further AS-Level Examination Question from November 2021, Q3
The matrixM represents a rotation about thaxis.

1 0 O
M-| 0 a3
1

0 b-5

Determine the value @& and the value df

[ 2marks]

Question 2
Further AS-Level Examination Question from November 2020, Q6
Anna has been asked to describe the transformation given by the matrix,

1 0 0
¥3 1
0 -5 -3
1 _J3
0 3 >

She writes her answer as follows:
The transformation is a rotation about #axis through an angle éf where

1 1
sng = — and - snf = ——
2 2

0 = 30
Identify and correct the error in Anna's work.

[ 2marks]



Question 3
Further AS-Level Examination Question from June 2018, Q5 (AQA)

1
2 2
Describe fully the transformation given by the matfix /3 1 o
2
0

[ 3marks]
Question 4
Further A-Level Examination Question from June 2019, Paper 1, Q7 (AQA)
Three non-singular square matricAsB andR are such that
AR =B
The matrixR represents a rotation about thaxis through an angiand

—cosf® sng O
snfd cosf® O
0 0 1

(a) Show thatA is independent of the value &f

B =

[ 3marks]

(b) Give a full description of the single transformation represefited

[ 1mark ]



Question 5

Eol
5 3
M=|0 1 o
1 V3
-3 0 5

(a) Describe the transformation representedvby

[ 3marks]

(b) Find the image of the point with coordinatesl, — 2, 1) under
the transformation represented My

[ 2marks]

Question 6
P is the matrix representing a rotation of 12@ticlockwise about theaxis.
(a) Write down the matri¥

[ 1 mark ]
(b) ApointQ=(3 -1, 0)is transformed using the matix
Find the coordinates of the image(@f
[ 1mark ]

(c) A pointR = (k, 0,k) is transformed using matrix
Find, in terms ok, the exact coordinates of the imagédRof

[ 3marks]



Question 7

The matrixC = E‘ _2), wherea andb are positive real numbers, and
211
R A
Sl 1
y2 V2
UseC to show thatcos(%) can be written in the form—‘m2+n, where

mandn are integers.

[ 7marks]



Question 8

_Jd3 o _41

5 3

M=| 0 1 0
1 V3

5 0 -5

(a) Find the transformation representedNby

[ 3marks]

(b) The point with coordinatesk, — k. 0) is transformed usiniyl.
Find, in terms ok, the exact coordinates of the image of this point.

[ 3marks]
Question 9

23 -2
/3

(a) Find the scale factor of the enlargement.

The matrixM = ( ) represents a rotation followed by an enlargement.

[ 2marks]
(b) Find the angle of rotation.
[ 3marks]

A point P is mapped onto a poift underM.
Given that the coordinates Bf are @, b),
(c) find, in terms ofa andb, the coordinates d?.

[ 4 marks]



Question 10
The formula for the volume of a tetrahedron is,

Vigr = % X basearea x height

(a) Write down the matrix representing a rotation of 3abticlockwise
about they-axis.

[ 2marks]

A tetrahedrorT has vertices atl, 0, - 1), (1, 1,-1), (3, 2, 3) and (0, O, 0).
(b) Find the images of the vertices of the tetrahedron under the
transformation described in part (a).

[ 3marks]

(c) Hence find the volume af.

[ 2marks]
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